CS 435, 2018
Lecture 4, Date: 15 March 2018
Instructor: Nisheeth Vishnoi

Mirror Descent and the Multiplicative Weight Update Method

In this lecture, we derive a new optimization algorithm — called Mirror Descent — via a differ-
ent local optimization principle. First, the Mirror Descent algorithm is developed for optimizing
convex functions over the probability simplex. Subsequently, we show how to generalize it and,
importantly, derive the Multiplicative Weights Update (MWU) algorithm from it. This latter algo-
rithm is then used to present a fast approximate algorithm to solve the bipartite matching problem

on graphs.
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1 A Local Optimization Principle and Regularizers

Consider a convex program

min f(x), 1)
where f : K — R" is a convex function over a convex set. In the last lecture we introduced
the (projected) gradient descent algorithm and proved that when f has Lipschitz gradient
then it can solve the problem (1)) up to precision ¢ in time proportional to %

This setting includes several important classes of functions f, such as quadratic func-
tions f(x) = x| Ax 4+ x " b or squared distances to convex sets f(x) = dist*(x, K’) (for some
convex K’ C R"). However, it leaves out convex functions which are non-differentiable,
such as the /1 norm f(x) = Y ,_q |x;| or the e norm f(x) = max(|x1],...,|xs]). Such
functions are still somewhat well-behaved (though in a different sense) and appear in
applications very frequently.

To construct an algorithm for optimizing such functions, we introduce a general idea.
Our algorithm will be iterative, given pointsﬂ x!,x2,...,x! it finds a new point x'*! based
on its history. How shall we choose the next point x'*! to converge to the minimizer x*
quickly? An obvious choice would be to take

t+1

x' = argmin f(x),

xeK
it certainly converges to x* quickly (in one step), yet clearly it is not very helpful because
then x/*1 is hard to compute. To counter this problem one might try to construct a func-
tion f; —a “simple model” of f — that approximates f in a certain sense and is easy to
minimize. Then the update rule of our algorithm becomes

t+1

x'" = argmin f;(x).

xeK
If the approximation f; of f becomes more and more accurate with increasing f, then
intuitively, the sequence of iterates should converge to the minimizer x*.
One can view the gradient descent algorithm for Lipschitz gradient we introduced last
time to be of this type, where

fi(x) = () + (V) x—x) + L|x =+

If f has L-Lipschitz gradient then f(x) < f;(x) for all x € K and moreover f'(x) is a good
approximation of f(x) for x in a small neighborhood around x'. In this setting (as proved
in the previous lecture), such an update rule guarantees convergence of x! to the global
minimizer.

2

In this lecture, we index points produced by an algorithm using upper-indices: x!,x2,...,x. This is to

avoid confusion with coordinates of these vectors.



In general, when the functions we deal with are not differentiable, we might not be
able to construct such good quadratic approximations. However, we might still use first
order approximations of f at x. Convexity implies that if we define

fi(x) = f(x') +(Vf(x'), x —x')

then
Viek  fi(x) < f(x),

and moreover we expect f; to be a decent approximation of f in a small neighborhood
around x’. One could thus try to apply the resulting update rule

x = argmin { f(x") + (Vf(x'),x — x')}. ()

xeK

An easy to spot downside of the above is that it is way too aggresive — in fact the new
point x'*! might be very far away from x’. This is easily illustrated by an example in one
dimension, when K = [—1,1] and f(x) = x2. Then the algorithm () jumps between —1
and 1 indefinitely since one of these two points is always a minimizer of a linear lower
bound of f over K. Thus the sequence {x'};cn never reaches 0 — the unique minimizer of

f.

The situation is even worse when the domain K is unbounded: the minimum is not
attained at any finite point and hence the above update rule is not well defined! This issue
can be easily countered when the function is a-strongly convexE] for some a > 0, since then
we can use a stronger — quadratic lower bound on f at ¥/, i.e. use

filx) = F(x) + (V) x = xt) + 5 [l =5

Then, the minimizer of f;(x) is always attained at a point x which is not too far away from
x.

This observation leads to the following idea: Even if the function f is not strongly
convex, as in some of the examples mentioned earlier on, we can still add a function
to fi, to make it behave nicer! More specifically, we add a term involving a distance
function D : K x K — R that does not allow the new point x*! to land far away from
the previous point x!; and D is referred to as a regularizer. More precisely, instead of
minimizing f;(x) we minimize D(x, x') + f;(x). To vary the importance of these two terms

we also introduce a positive parameter # > 0 and write the revised update strategy as:

Xt = argg;in {D(x,x") + 1 (f(x') + (Vf(x'),x —x"))}.

2We say that a twice-differentiable function f : K — R is a-strongly convex if its Hessian matrix V2 f(x)
satisfies al < V2f(x) for every x € K.



By ignoring constant term, this can be also simply written as

2 = argmin {D(x,x") + 7 (Vf(x'),x)} . (3)

xeK

Note that by picking large 7, the significance of the regularizer D(x, x') is reduced and
thus it does not play a big role in choosing the next step. By picking 1 very small we force
x**1 to stay in a close vicinity of x' [}

Before we go any further with these general considerations, let us consider one im-
portant example, where the “right” choice of the distance function D(-, -) provides a quite
interesting result — the Exponential Gradient Descent algorithm.

2 Mirror Descent for the Simplex

2.1 Exponential Gradient Descent
Consider a convex optimization problem over the probability simplex

n

Api={pel01]":) pi=1},

i=1
i.e., the set of all probability distributions over n elements

min f(p), (4)

where f : A, — Ris a convex function. Recall the general form of an algorithm we would
like to construct

p'*t = argmin(D(p, p') + 1 (Vf ('), p)), 5)

peEN;,

where D is a certain distance function on A,. The choice of D is up to us, but ideally it
should allow efficient computation of x/*1 given x! and V f(x!) and, intuitively, should be
a “natural” metric — compatible with the geometry of the feasible set A, so as to guarantee
quick convergence. For the simplex, perhaps the most natural choice of such a metric is
the relative entropy, or the Kullback-Leibler (KL) divergence.

Definition 1. For two probability distributions p,q € A, their Kullback-Leibler divergence is
defined as

DKL p, = — ZPZ log—

3A slightly different, yet related way to unsure that the next point x'*! does not move too far away from
x! is to first compute a candidate ¥+ according to the rule (2) and then to make a small step from x! towards
X'*1 to obtain x*1. This is the main idea of the Frank-Wolfe algorithm.



While not being symmetric, Dg;, satisfies several natural distance-like properties. For
instance, from convexity it follows that Dk (p,q) > 0. In the the next section we derive
several other properties of Dgj..

When specialized to this particular distance function the update rule takes the form

p'*! = argmin(Dkr(p, p') + 1 (Vf(p), p)). (6)

PGAn

As we prove in the lemma below, the vector p'*! can be computed using an explicit for-
mula involving p! and V£ (p') only.

Lemma 2. Consider any vector q € R%, and a vector g € R".

1. Let w* := argm1nw>0 {Dkr(w,q) +1n{g,w)}, thenﬁw giexp(—ngi) for all i =
1,2,..

2. Let p* = argmin, ., {Dkr(p,q) + 1 (g p)}, then p* = HW*II foralli=1,2,.

Proof. In the first part we are given an unconstrained optimization problem of the form

n n
min i;wilogwi+i;wi(qgi—logqi—l). (7)

The above problem is in fact convex, hence one just needs to find a zero of the gradient
to find the minimum. By computing the gradient, we obtain the following optimality
condition

logw; = —ngi +logg;,

and hence w! = g;exp(—#ngi — 1).
Let us now proceed with the second part. To incorporate the constraint} ;' ; p; = 1 we
introduce a Lagrange multiplier s € R to (7) and obtain

n n

min ) pilogpi+ ) pi(ngi —logpi) (Z pi— 1) 8)
=7 =1 i=1

Then, the optimality condition becomes

pi = qgiexp(—ngi—1—s),

*

and thus we just need to pick s so that } ;" ; p; = 1, which leads us to p* = Huzj]*H . ]
1

4Here we consider the KL-divergence between arbitrary nonnegative vectors x,y > 0, Dgr(x,y) =
—Y7", xilog % + Y11 (yi — ;) . See the subsequent section for more details.



We provide details and summarize our algorithm in the the form of pseudocode.

Exponential Gradient Descent (EGD):

Input: First order oracle to a convex function f : A, — R, a parameter 77 > 0, and
an integer T > 0.

Output: A point p € Ay,.

1. Initialize p! = %Il (the uniform distribution).
2. For each iterationt =1,2,...,T:
e Obtain ¢! = Vf(p').
e Letw'™! € R" and p'*! € A, be defined as

t Wit
b1 .t —ngt 1. i
;= pie 18 I |

w .
n t+1
2]:1 w]

3. Output p:= ~ Y, p'.

In the above we have introduced an auxiliary (weight) vector w' at every iteration. While
it is not necessary to state the algorithm, it will be useful for us to refer to w' in the proof
of the convergence guarantee of the algorithm.

Note one interesting difference between the Exponential Gradient Descent algorithm
and the variant of gradient descent studied in the previous lecture: the output of EGD is
the average of all iterates p not the last iterate p”. However, this is something to expect as
the function f might not be even differentiable and it is rather hard to obtain a nontrivial
approximation guarantee on a single iterate.

To illustrate the problem, note that if f(x) = |x|, then the gradient at every point is
eithelﬂ 1 or —1. Hence by just knowing that the gradient at a certain point x is 1 we still
have no clue whether x is close to the minimizer (0) or very far from it. Thus, as opposed to
the Lipschitz gradient case, the gradient at a point x does not provide us with a certificate
that f(x) is close to optimal. Therefore one naturally needs to gather more information,
by visiting multiple points and average them in some manner.

Theorem 3. Suppose that f : A, — R is a convex function which satisfies |V f(p)|lo, < G
forallp € Ap. Ifweuseny = © ( 28" ) then after T = Q) (G2 10g"> iterations of the EGD
p n- n= VTG = 2

algorithm, the point p := %Zle p' satisfies

f(p)=f(p7) <¢

5Except from the point x = 0 which is very unlikely to be hit by an iterative algorithm, hence we can
ignore it.




where p* is any minimizer of miny,en, f(p).

2.2 Properties of the KL-divergence

We present several important properties of the KL-divergence that will be useful in the
proof of Theorem 3| Many of these are more general and hold for so called Bregman
divergences of functions.

Definition 4. Let F : K — R be a convex, differentiable function over a convex subset K of R".
For x,y € K we define the Bregman divergence

Dr(x,y) := F(x) = F(y) = (VE(y), x —y).

Note that Dr(x, y) measures the distance between the value of F at the point x and the 1st
order approximation of F at x. In particular, Dr(x,y) > 0 and Dr(x,y) — 0 when, say x
is fixed and y — x.

To recover the KL-divergence we can consider the negative entropy function H :
RZ, — R given by

n
H(x) =) x;logx;.
i=1

For every x,y > 0 we have
n v n
Du(x,y) = — ¥ _x;log ;1 + ) (yi —xi),
i=1 ii=1

hence Dy (x,y) = Dki(x,y) for all x,y € A,. In fact, the function Dy is the generalized
KL-divergence, and we will use Dk (x,y) to denote it, for all non-negative vectors (even
outside of the simplex).

For a different, simple example consider F(x) = HxH% We have

2
Dr(xy) = [lx —yll2,
in this case the Bregman divergence is simply the squared Euclidean distance between
vectors x, y.
2.2.1 Properties of the Bregman divergence
We start by a simple, yet useful identity involving the Bregman divergence.
Lemma 5 (Law of cosines). Let F : K — R be a convex, differentiable function and let x,y,z €

K, then
(VF(y) — VF(z),y — x) = Dr(x,y) + Dr(y,z) — Dr(x,2).



The proof of the above identity is a direct calculation and hence we omit it. Note that for
the case when F(x) = HxH% the above says that for three points a,b,c € R" we have

2 2 2
2(c—a,c—d) = [|d—cl[; +[lc —all; = [|d —all3,

which is the familiar law of cosines.
Next we state the following generalized Pythagorean Theorem.

Lemma 6 (Pythagorean Theorem). Let F : K — IR be a convex, differentiable function and let

S C Kbeaclosed, convex subset of K. Let x,y € Sand z € K such that y = argmin, ¢ Dr(u,z),
then

Dr(x,y) + Dr(y,z) < Dr(x, z).
It is an instructive exercise to consider the special case of this lemma for the F(x) = HxH%

It says that if we project z onto a convex set S and call the projection y, then the angle
between the vectors yx and yz is obtuse (larger than 90 degrees).

Proof of Lemmal6} Let x,y,zbe as in the statement. We write down optimality conditions
for the optimization problem min,cs Dr (1, z) at the minimizer y (see Lecture 1), they say
that for every point w € S it holds

(VuDr(y,z),w —y) <0,

which translates to
(VE(y) ~ VF(z),w —y) <0.

By plugging in w = x and using the Law of cosines (Lemma [5) we obtain

Dr(x,y) + Dr(y,z) — Dp(x,z) < 0.

2.2.2 Pinsker’s Inequality

The following bound known as Pinsker’s inequality asserts that the negative entropy
function H(x) = Y, x;logx; is 1-strongly convex with respect to the ¢; norm, when
restricted to the probability simplex A,,.

Lemma 7 (Pinsker’s Inequality). For every x,y € A, we have

1
Dxw(x,y) 2 5 lx =yl



2.3 Convergence proof of EGD

Given the properties of KL-divergence stated in the previous section we are ready to pro-
ceed with the proof of Theorem 3]

Proof of Theorem [3

Step 1. Bounding f(p) — f(p) by 1 L1 (8,7 = p)-
Start by noting that a simple consequence of convexity of f is that

— LY (F) ~ £(p)
s ©)
<= Y (VAP - p)
t=1
1 u t ot
== (8 p' —p)

Thus, from now on we focus on the task of providing an upper bound on the sum ¥/, (g pt—p).
Step 2. Writing (g', p' — p) in terms of KL-divergence.

Let us fix t € [1,T], we provide an expression for g’ in terms of w'*! and p’. Note that

since w!™ = ptexp(—ng!) (fori € {1,2,...,n}), we have

f_l b t+1
gi_ﬂ(logpi log w; )

This can be also written in terms of the gradient VH of the entropy function H(x) =
YL, x;log x;, specifically

1 1
p_ 1 t_ 1) _ 1 Ho_ t+1
¢ = y <10gp logw ) " (VH(p) VH(w )), (10)

where in the above log is applied coordinatewise to the appropriate vectors. Thus we
obtain (from the above and the law of cosines — Lemma

(&' —p)= ; (VH(p') = VH(w' ), p' — p)
an
= - (Dxs(p. ) + Dia (0 *1) = D () ).



Step 3. Using Pythagorean theorem to get a telescoping sum.

Now, since p'*! is the projection with respect to Dk; of w!*! onto A, (see Lemma [2), the
generalized Pythagorean theorem (Lemma 6) says that

Dir(p,w'™") > Dxr(p, p'*Y) + D (p't, wi™h).

t

Thus when we can bound the expression Y/, (g', p' — p) as follows:

T
ny. (& r—p) Z Dki(p, p') + Dxe(p', w'™) — Dir(p, w'*h)
=1

< ZDKL p.p') + Dre(p', ™) — [DKL(P/PtH) + DKL(PHl,le)}
t=

T
=) [DKL p,p) — Dri(p, Ptﬂ)} + {DKL(Pt, w) — DKL(Pt+1,wt+1)}

=1

~~

T
<D )+ Z [DKL pt,wt) — DKL(ptH,th)} )
t=1
(12)
In the last step we used the fact that the first term of the sum is telescoping to Dky (p, p!) —
Dxr(p, p'*1) and that Dg (p, pT*!) > 0.

Step 4. Using Pinsker’s ineq. and bounded gradient to bound the remaining terms.

To bound the second term we first apply the law of cosines

DKL(Pt/ wt“) B DKL(le/thrl) _ <VH(pt) . VH(th)/pt B pt+1> DKL(PtH pt)
=7 <gt,pt . pt+1> . DKL(pH-l,pt)

(13)
And finally we apply Pinsker’s inequality (Lemma7) to obtain
Dxr(p', ™) — Dyr (p', w!t1) < <gt’pt _ pt+1> . Hthrl tHj (14)
Further, since (g', p' — p'*1) < ||¢'||, [|[P" — p'*||, we can write:
1 2
DKL(Pt,th) _ DKL(PtH,th) <y HgtHoo Hpt _ t+1H1 -5 Hptﬂ _ ptHl
2
BH1 ot Bt
S A e (bt
- (G
- 2

10



Where the last inequality follows by simply maximizing the quadratic function x

7Gx — 1x2.

Conclusion of the proof.

By summing up all the terms, we arrive at

L 2
t:Zl<gt, p'—p) < ; <DKL(P/P1) +T('7§)> .

By observing that Dy (p, p') < logn and optimizing the choice of 77, the theorem follows.
O

2.4 The Multiplicative Weights Update framework

An attentive reader might have realized that in the proof of Theorem (3| the only place
we used the fact that the vectors ¢' are gradients of the function f at points p’ (for t =
1,2,...,T) is the bound in (9). Afterwards ¢'s were treated as arbitrary vectors, and we
proved a guarantee that in order to reach

1 J t ot : 1 L t

7L (&) —ming ) (ghp) <e

G?logn
e2

it is enough to take T = O ( ) Let us now state this observation as a theorem.

Before doing so, we first state this general Meta-Algorithm — known under the name Mul-
tiplicative Weights Update method (in the Hedge form).

Multiplicative Weights Update (MWU):

Input: An oracle providing (adaptively) vectors ¢! € R" ateverystept =1,2,...,
a parameter 7 > 0, and an integer T > 0.

Output: A sequence of probability distributions p!, p?,...pT € A,.

1. Initialize p! = %Il (the uniform distribution).
2. For each iterationt =1,2,...,T:

e Obtain ¢’ € R" from the oracle.
e Letw'™! € R" and p'*! € A, be defined as

t w%Jrl

1 = ptefngi p%‘l’l S S

i i ’ i Zn wt+1
j=1"j

w

By reasoning exactly as in the proof of Theorem 3| we obtain.

11



Theorem 8. Consider the MWU algorithm as defined above. Assume that all the vectors g'
provided by the oracle satisfy ||§" ||, < G. Then, taking = © < v log">, after T = Q) (%)

VTG

iterations we have

LY () - min kY () <

T =1 ’ pea, T =1 ’ -
At this point it might not be clear what is the purpose of stating such a theorem. However,
as we will see — this theorem allows, very generally, proving convergence bounds for nu-
merous different algorithms based on the idea of maintaining weights and changing them
multiplicatively. In the example we provide, we design an algorithm for checking if a bi-
partite graph has a perfect matching. This can be further extended to linear programming
or even semidefinite programming.

3 General Mirror Descent
3.1 Generalizing the EGD algorithm

In this section we take inspiration from the just introduced exponential gradient descent
algorithm to derive a general method for convex optimization called Mirror Descent (see [5}
1]). The main idea follows the intuition provided at the very beginning of the lecture. Re-
call that our update rule is (3), i.e. at a given point x' we construct a linear lower bound
f(xh) +(Vf(x'),x —x') < f(x) and move to the next point, being the minimizer of this
lower bound “regularized” by a distance function D(-, -), thus we get

xt = argmin {(D(x, x") + 7V f(x'),x)}.
xeK
When deriving the exponential gradient descent algorithm we used the relative entropy
function Dy (-, -) for this purpose. In general we will use the Bregman Divergence Dg(-, )
of a convex regularizer R : R” — R. For the KL-divergence R(x) was the negative entropy
function R(x) = I ; x;log x;. In general, by denoting the gradient at step ¢ by ¢’ we have

X = argemKin {Dr(x,x") +1 (g, x)}
= argérllin {n(g',x) + R(x) = R(x") — (VR(x"),x — x*)} (16)
= arg;r;in {R(x) — (VR(x") —ng',x)}.

For now, ignoring certain technical difficulties, let w'*! be a point such that

VR(w'™) = VR(x") — ng'.

12



This corresponds to the same w! ™!

sion of p/*1). We have then

as we had in the EGD algorithm (the “unscaled” ver-

x'*1 = argmin {R(x) — <VR(wt+l),x>}
xeK (17)
= argmin {DR(x, wt+1)} .

xeK

Note again the analogy with the EGD algorithm: there p! ! was obtained as a KL-divergence
projection of w!™! onto the simplex A, = K, exactly as above. We are ready to state the
Mirror Descent algorithm in its general form.

Mirror Descent Algorithm:

Input: First order oracle access to a convex function f : K — IR. Oracle access to
VR mapping and its inverse. Access to the projection operator with respect to
Dg(+,-). An initial point x! € K, a parameter 7 > 0, and an integer T > 0.
Output: A point x € K.

1. Repeatfort e {1,...,T}
e Let w!'™! be such that VR(w!*!) = VR(x!) — nVf(x!).

e Let x'*! = argmin___, Dg(x, w'*1).

xeK

2. Output x := % Y

For the above algorithm to be well defined we need to make sure that w'*! always exists.
Formally we assume that the regularizer R : (3 — IR has a domain () which contains K
as a subset. Moreover, as in the case of the entropy function, we assume that the map
VR : Q) — R" is a bijection — this is perhaps more than what we really need, but such an
assumption makes the picture much more clear. In fact VR is typically referred to as the
mirror map.

Note that in order for the algorithm to be useful the mirror map VR (and its inverse)
should be efficiently computable. Similarly, the projection step argmin, _, Dg(x, w'™)
should be also easy to perform. The efficiency of these two operations determines then
the time required to perform one iteration of Mirror Descent.

3.2 Statement of the algorithm and convergence proof

We are now ready to state the iteration bound guarantee for Mirror Descent.

Theorem 9 (Mirror Descent guarantee). Let f : K — R and R : () — R be convex functions
with K € Q) C R" and suppose the following assumptions hold

13



1. The gradient map VR : Q) — R" is a bijection.

2. The function f has bounded gradients in a norm ||-||:

Viek V()| <G.
3. R is a-strongly convex with respect to the duaﬁ norm ||-||,:

11 «
Viea Dr(x,y) > 5 lx —y[[*®

2 * Al
Then after T = Q) (%W) iterations of the Mirror Descent Algorithm the point X satisfies

f(x) —fx7) < e
where x* is any minimizer of minycg f(x).

Proof. The proof of the above theorem follows exactly the one we gave for Theorem |3 by
replacing the entropy function H by a regularizer R and replacing the KL-distance terms
D KL by D R-

We now go step by step through the proof of Theorem 3|and emphasize what proper-
ties of R and Dg are being used.

In Step 1. the reasoning in (9) used to obtain

1 T
F(®) - f(x) < 3 (gl = ).

t=1
is general and relies on convexity of f only
In Step 2. the facts used in equations (I0) and (1I) to prove that
1
<gt’xt . x*> _ ﬁ (DR(x*,xt) + DR<xt’wt+1) _ DR(x*,th))
are the definition of w'*! and the law of cosines which is valid for any Bregman divergence
(see Lemma(f). Subsequently, in Step 3. to arrive at the conclusion of
T T
nY (g, xt —x*) < Dr(x*,x') + ) [DR X, wth) DR(xtH,th)} ,
t=1 t=1

only the Pythagorean theorem (Lemma [6) is necessary.

For a norm ||-|| on R”, its dual norm ||-||, on R" is defined as ||y||, := sup{| (x,y)| : ||x|| < 1}. For

instance, the dual norm to HHP is HHq such that % + % =1

14



Finally in Step 4., an analogue of equation (15) which can be proved under our as-
sumptions is

2

DR<xt’wt+1) _ DR(xt+1,wt+1) < HgtH th e

«
th+1 ot

* *

The above follows from the strong convexity assumption with respect to ||-|| (which we
use in place of the Pinsker’s inequality) and the Cauchy-Schwarz inequality

(u,0) < [ul[ ],

which directly follows from the definition of the dual norm. The remaining part of the

reasoning is generic and does not rely on any specific properties of R or Dg.
Ul

15



4 Application: Bipartite Matching

The goal of this section is to give an application of the MWU framework and specifically
show how Theorem (8) can be employed.

4.1 Problem statement

Here is a definition of the problem we would like to solve: the Perfect Matching problem
on bipartite graphs

Perfect Matching Problem on Bipartite Graphs
Input: An undirected bipartite graph G = (V,E).

Goal: Find a subset of edges M C E such that every vertex v € V is contained in
exactly one of the edges in M.

Recall that a graph is bipartite if there are two disjoint sets of vertices A, Bwith AUB =V
such that there are no edges within A or within B. We assume that in the bipartition
(A, B) we have |A| = |B| = n, so that the total number of vertices is 21 (note that if the
cardinalities of A and B are not the same, then there is no perfect matching in G!).

Our approach is based on solving the following linear programming reformulation of
the perfect matching problem.

Find x € RF
s.t. Z Xe = 1,
ecE (18)
Y x<1 YoeV,
e:vee

xe>0 Ve€eE.

A solution to the above linear feasibility program is called a fractional perfect matching. The
question which arises very naturally is whether the “fractional” problem is equivalent to
the original one?

Fact 1. If G is a bipartite graph then G has a perfect matching if and only if G has a fractional
perfect matching.

We do not provide a proof of this fact as it is a classical exercise in linear programming.
Note however that one direction is easy: if there is a perfect matching M C E in G then
its characteristic vector x = 1, is a fractional perfect matching. The opposite direction is
a bit harder (and relies on the assumption that the graph is bipartite), it can be deduced
from Hall’s theorem, or from the fact that the constraint matrix defining the above linear
program is totally unimodular.
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Algorithmically, one can also convert fractional matchings into matchings in O(|E|)
time using an idea introduced in [2] (see also [3] for a proof). Thus solving is also
sufficient to solve the perfect matching problem in its original form.

As our algorithm naturally produces approximate answers, for an ¢ > 0 we also define
an e-approximate fractional perfect matching to be an x € RF which satisfies

Y xe=mn,

ecE

er§1—|—8 YoeV,

e:vee

x>0 Vee€eeE.

From such an approximate fractional matching one can (given the ideas discussed above)
construct a matching in G of cardinality at least (1 — €)n and thus also solve the perfect
matching problem exactly by taking & < 1.

4.2 Past work

The perfect matching problem on bipartite graphs has been extensively studied and is
perhaps the most classical problem in combinatorial optimization. It can be reduced to
the max-flow problem and thus solved in O(nm) using the Ford-Fulkerson method. It
just requires to find n augmenting paths — every such iteration takes O(m) as it requires
to run the DFS algorithm.

A more refined variant of this algorithm was presented by Hopcroft and Karp which
runs in O(y/nm) time. 40 years later, after the latter result came out, a partial improvement
(for the sparse regime: when m is small) was obtained by Madry [4] and his algorithm,
based on the interior point method for linear programming, which runs in O(1'%/7) time.

4.3 Statement of the Theorem

We construct an algorithm based on the MWU framework to construct e-approximate
fractional perfect matchings. Below we formally state its running time guarantee.

Theorem 10. There is an algorithm which given a bipartite graph G (containining a perfect
matching) with 2n vertices and m edges, and an € > 0, outputs an e-approximate fractional
perfect matching in G in time O (e~ 2n?m).

The running time of the above algorithm is certainly not comparable to the best known
algorithms for this problem, but its advantage is for sure is overall simplicity. We remark
that the running time of this algorithm can be also brought down to O(e~?m) by a rather
simple improvement in one of its steps.

4.4 The Algorithm

We construct an algorithm for finding fractional solutions to the perfect matching prob-
lem, i.e., to (18). In every step of the algorithm we would like to construct a point x* € ]R’;0
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which satisfies the constraint Y/ ; x!, but is not necessarily a fractional matching. How-
ever, x' should (in a certain sense) brings us closer to satisfying all the constraints.

More precisely, we maintain positive weights w! € R over vertices V of the graph
G. The value w!, corresponds to the importance of the inequality Y. ,c, x. < 1 at the
current state of the algorithm. Intuitively, the importance is large whenever our “current
solution” (which one should think of as the average of all x produced so far) violates this
inequality, and more generally, the larger the violation of the vth constraints, the larger w!,
is.

Given such weights, we then compute a new point x! to be any point which satisfies
Y.cr X! = n and satisfies the single inequality being the weighted average (with respect
to w') of all the inequalities },. ,c, xe < 1. Next, we update our weights based on the
violations of the inequalities by the new point x’. We now provide a pseudocode of our
method, based on the ideas discussed above.

Approximate Perfect Matching:
Input: A bipartite graph G = (V,E),n >0, T € N
Output: An approximate fractional perfect matching x € [0, 1]F or NO.

1. Initialize w' = (1,1,..,1) € RY,
2. Repeatfort=1,2,..,T:
e Find a point x' € RE satisfying

¥ o, ():xz> Sy,

veV ecE veV

Y xf=n and x[ >0 forallec E.

evee
If there is no such point return “NO”.

e Construct a vector ¢ € R”

t
gt — 1-— Ze:vee Xe
[ n 7

e Update the weights:
wht

=w! -exp(—1n-g,) forallve V.

3. Outputx = + YT «".
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The algorithm, as given above, is not completely specified, as we have not yet provided
a method for finding x’. In the analysis we specify one particular method for finding x'
and show that it gives us then an algorithm with a running time as in[10, When replaced
by a “better” algorithm (we will specify what does it mean later) the running time can be
brought down to O (e~ 2m).

4.5 Analysis

The analysis is divided into two steps: how to find x!? and the correctness of the algorithm
given in the previous section (assuming a method for finding x/).

4.5.1 Step 1. How to find x'?

In the lemma below we prove that x! can be always found efficiently such that the infinity
norm of g' is bounded by 1. As we will see soon the bound on ||g’||_, is crucial for the
efficiency of our algorithm.

Lemma 11. If G has a perfect matching then:
1. x' always exists and can be found in O(m) time,
2. we can guarantee that ||g'|| , < 1.

Proof. 1f M is a perfect matching, then it is easy to see that x! = 1 (the indicator vector
of M) satisfies all conditions. However, we don’t know M and cannot compute it easily,
but still we would like to find such a point. Let us rewrite the condition

zw;(zxz)szw;

veV ecE veV

in the form:

Y aext < B,

ecE

where all the coefficients a, and B are positive. It is easy to see that putting greedily

xl. = n for e* being an edge with smallest coefficient a,- (and x!, = 0 for ¢’ # ¢*) will be a

valid solution. Such a choice of x’ guarantees that for every v € V:

1<) xf—-1<n-1

eco

which in particular implies that H gt Hoo <1. O
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4.5.2 Correctness and running time of the algorithm

Lemma 12. Suppose that G has a perfect matching. Then for every ¢ > 0, if we choose 7 = © (£)

n

then after T = Q(e~2n*logn) steps the point x := %ZLI x! is an e-approximate fractional
perfect matching.
Proof. Let p' = Zv:"; - We use the Theorem (8] to a obtain guarantee on the underlying

MWU scheme. We plug in p := e,, for any fixed v € V to conclude

1 g 1 g
T L& S -3 (Phg)+d (19)
t=1 t=1

02
of inequalities “on average” translates to the following condition:

(r's") <0.

Therefore, from the guarantee (19), for a fixed v € V we get

forT =0 <1°g”> (since G = 11in this case). The fact that x' satisfies the considered system

1

Yoxi—1)<=-T-044
e.eco T

Y xe—1<ns

eeco

S|

1
T

Y xe < 1+mnd.

eecv

Thus to make the above 1 + ¢ we need to pick 6 = £ and hence T becomes () ("2 L‘;g”> .

Further, since x is a convex combination of x' for t = 1,.., T it also satisfies Y ,cp x, = 1
and x > 0. O

We are now ready to prove Theorem 10}

Proof of Theorem The correctness of the algorithm follows from Lemma We
only need to reason about the running time. From Lemma [12| the number of iterations is

O <”2 1;;%”) and each iterations is to find x' and update the weights, which can be done in
O(m) time. O

It can be easily seen that the reason for the “n?” factor in the running time is because of
our bound | Y., x! — 1| < n. If one could always produce a point x’ with

YoeV

Zxé—l

eco

<p,
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then the running time would become O(e~2mp?logn). Note that intuitively, this should
be possible to do, since x! = 1) (for any perfect matching M) gives p = 1. However, at the
same time we would like our procedure for finding x' to be efficient, preferably it should
run in nearly linear time.

It is an interesting exercise to design a nearly linear time algorithm for finding x! with
the guarantee p = 2, which yields a much better running time of only O(e2m log?® n).
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