CS 435, 2018
Lecture 9, Date: 3 May 2018
Instructor: Nisheeth Vishnoi

Cutting Plane and Ellipsoid Methods for Linear Programming

In this lecture we introduce the class of cutting plane methods for convex optimization and
present an analysis of a special case of it: the ellipsoid method. We then show how to use this
ellipsoid method to solve linear programs with exponentially many constraints.
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1 Optimizing over 0-1 polytopes with exponentially many con-
straints
1.1 Combinatorial Optimization and 0-1 polytopes

In combinatorial optimization one often deals with discrete optimization problems of
the following type: given a set family 7 C 2"l (i.e., a collection of subsets of [n] :=
{1,2,...,n})and a cost vector ¢ € Z" find the minimum cost set S € F. Formally this can
be described as

Discrete linear optimization problem

Input: A family of subsets F C 21 a cost vector ¢ € Z"
Goal: Find a set S* such that

S* = argmin ) _¢;.
SeF ies

In fact, many familiar problems on graphs can be formulated in this setting. For instance,
we obtain the maximum cardinality matching problem by taking 7 C 2F to be the set
of all matchings in a graph G = (V, E) and letting ¢ = —1, the negative of the all-ones
vector of length |E|. Similarly, one can obtain the minimum spanning tree problem, or the
problem of maximum flow (for unit capacity graphs), or minimum cut.

When trying to tackle these problems using continuous techniques, such as the ones
introduced in this course, a useful idea is to first make the domain into a “continuous”
(and ideally convex) space. More specifically, in this particular setting, given a family
F C 2" one can define a polytope P being the “convex hull” of F

Pr:=conv{ls:S € F},

where 15 € {0,1}" is the indicator vector of the set S C [n]. Such polytopes are called
0-1 polytopes as all their vertices belong to the set {0,1}". An analogue of a discrete
optimization setting for such polytopes is as follows.

Linear optimization problem over 0-1 polytopes

Input: A 0-1 polytope P C [0,1]", a cost vector ¢ € Z"
Goal: Find a vector x* € P such that

x* = argminc x.

xeP

Note now that by solving a linear optimization problem over Pr for the cost vector ¢ we



can solve the corresponding disrecte optimization problem over F. Indeed, sinc the
optimal solution is always attained at a vertex, say x* = 1, then S is the optimal solution
to the discrete problem and vice versa.

For concreteness, let us now introduce several important examples of 0-1 polytopes
involving graphs.

Definition 1. For an undirected graph G = (V, E) with n vertices and m edges we define

1. The matching polytope Pp(G) C [0, 1]™ to be

Pp(G) :=conv {1g : S C [m] is a matching in G} .
2. The perfect matching polytope Ppp(G) C [0,1]™ to be
Ppp(G) := conv {1 : S C [m] is a perfect matching in G} .
3. The spanning tree polytope Ppp1(G) C [0, 1)™ to be
Psr(G) := conv {1g : S C [m] is a spanning tree in G} .

We also refer to [11] for more examples of polytopes related to various combinatorial
objects. Now, for instance, solving the maximum matching problem over G reduces to
the problem of minimizing a linear function over Py(G). Since this is a certain form of

a linear program, one could ask: can we solve these linear programs using the interior
point method?

1.2 The problem with applying IPM to the matching polytope

Unfortunately, as it turns out, the polytope Py (G) does not have a particularly simple
structure and requires exponentially many inequalities in its description.

Theorem 2 (Facet Description of the Matching Polytope [3]). Let G = (V, E) be an undi-
rected graph with n vertices and m edges, then

S| -1

Puy(G) = {x €01)":) x < for all subsets S C [m] of odd cardinality} .
i€S

Thus in other words, every odd subset S C [m] induces a linear constraint } ;s x; < 5'%
and the intersection of all these constraints defines the polytope Py;(G). This provides us
with a description of Pyi(G), yet using an exponential number of linear constraints.

Similar descriptions are available for Pst(G) and Ppy(G), and while there are results
showing that there are efficient ways to represent Ps7(G) using polynomially many vari-
ables and inequalities, for the matching polytope it has been proved [9] that essentially
any representation of Py((G) requires exponentially many constraints.

1Here we assume for simplicity that the optimal solution is unique.



For this reason, applying an algorithm based on the path following method to min-
imize over Py(G) is rather problematic. Indeed, to do that, one is required to provide
access to an “efficient” self-concordant barrier function for Py(G). Clearly, since the log-
arithmic barrier would have an exponential number of terms here, we cannot apply it
directly. Similarly, computing either the volumetric barrier or the Lee-Sidford barrier, re-
quires time at least polynomial in the number of constraints and thus is not acceptable,
when looking for a polynomial-time (in m) algorithm. It is still an open question to derive
a self-concordant barrier function for Py;(G) that would be computationally tractable.

More precisely, one can ask: is there a self-concordant barrier function F : Pp(G) — R
with complexity parameter polynomial in m such that the gradient VF(x) and the Hessian
V?2F(x) are efficiently computable? By efficiently computable we mean: polynomial time
in m, but apart from that also the computation should be “simpler” than solving the linear
program itself. In fact, it has been observed in [1] that computing gradients and Hessians
of the entropic barrier (whose complexity parameter is O(m) [2]) reduces to sampling
points from a certain log-concave distribution over Py;(G) and thus by a result of [7] can
be approximated up to a desired precision in polynomial time. Note however that since
sampling from polytopes is generally a harder task than optimizing over them, this result
is not of practical relevance for interior point methods. Finding an efficient barrier (whose
evaluation does not reduce to harder problems) is an open problem.

1.3 Efficient separation oracles

Given the discussion in the previous section it seems that directly optimizing linear func-
tion over Py(G) might be a hard task (at least using the interior point method), and thus
one would perhaps try to start with something simpler. For instance, while the problem of
checking if a discrete set of edges forms a matching or not is rather trivial, its continuous
counterpart: checking if x € Py(G) is already challenging. More generally, one can state
the following separation problem (already introduced in Lecture 2)

Separation problem for polytopes

Input: A polytope P C IR", a vector x € Q"
Goal: Output one of the following answers

e if x € P output YES

e if x ¢ P output NO and provide a vector i € Q" \ {0} such that

YyeP (hy) < (hx).

Recall that in the “NO” case, the vector h defines a hyperplane separating x from the
polytope P. An important set of results in combinatorial optimization is that for many



“combinatorial” 0-1 polytopes, the separation problem can be solved in polynomial timeﬂ

Theorem 3 (Separation for combinatorial polytopes [4]). There are polynomial time separa-
tion oracles for the polytopes Ppi(G), Ppam(G) and Pst(G).

Instead of providing here a proof of Theorem [B|we sketch it in one of the exercises for this
lecture. The question which now arises naturally is: given a separation oracle for Py (G)
does it allow us to optimize linear functions over this polytope? The main result of this
lecture is a theorem that says that this is the case, not only for the matching polytope, but
for all 0-1 polytopes.

Theorem 4 (Efficient optimization using a separation oracle). There is an algorithm that
given a separation oracle for a 0-1 polytope P C [0, 1]" and a vector ¢ € Z" outputs

x* € argminc ' x.
xeP

The algorithm runs in polynomial time in n, L(c) and makes a polynomial number of queries to
the separation oracle of P.

Combining the above with the existence of an efficient separation oracle for Py;(G) (Theo-
rem [3) we conclude in particular that the problem of computing the maximum cardinality
matching in a graph is polynomial-time solvable. Similarly, using the above, one can
compute a matching (or a perfect matching, or a spanning tree) of maximum or minimum
weight in polynomial time. The remaining part of the lecture is devoted to the proof of
Theorem {4l We start by sketching a general algorithm scheme in the subsequent section
and recover the Ellipsoid method as a special case of it. We then prove that the Ellipsoid
method indeed takes just a polynomial number of “simple” iterations to converge.

2 The Cutting Plane Method

In this section we develop a general method for optimizing linear functions over poly-
topes, called the cutting plane method. We are interested in solving the problem

min c¢'x

1
st. x € P, @)
where P C R" is a polytope and we have access to a separation oracle form P. Through-
out this section we assume that P is full-dimensional. Later we comment on how to get
around this assumption.

2We measure the running time of a separation oracle as a function of the dimension 7 and the bit complex-
ity of the input vector x.



2.1 First step: reducing optimization to feasibility using binary search

Before we proceed with the description of the algorithm we first introduce the first idea

that allows us to reduce the optimization problem (1)) to a series of simpler problems of
the following form.

Feasibility problem for polytopes
Input: A polytope P C R"
Goal: Output one of the following answers

e if P # @ output YES and provide a point x € P
e if P = @ output NO

We explain the main idea of this reduction without delving too deep into technical details
behind it. Later, in the proof of Theorem 4 we show how one can implement this idea in
the setting of 0-1 polytopes.

The idea is quite simple here: suppose we have a rough estimate that the optimal
value of (I) belongs to the interval [ly, up]. We can then use binary search, along with an
algorithm for solving the feasibility problem to find an estimate on the optimal value cop;
of (I) up to an arbitrary precision.

Reducing Optimization to Feasibility

1. Setl :=lyand u := ug
2. whileu —1 > ¢
1
(a) setg:= "
(b) Check whether P’ := PN {x € R": (¢, x) < g} is nonempty

o If P #£Q, thenu:=g
e Else, [ :=g

3. Output u

The above algorithm maintains an interval [/, u] that contains the optimal value Copt to (1)
and uses an algorithm to check non-emptiness of a polytope in step to halve it in
every step until its length is at most € > 0. Thus essentially, given an algorithm to check
feasibility we are able to perform optimization. Several remarks are in order

1. Note that given a separation oracle for P, the separation oracle for P’ is easy to
construct.



2. The above allows to learn an additive e-approximate optimal value in roughly log ”OT_IO

calls to a feasibility oracle. However it is not clear how to recover the exact optimum
copt out of it. We show that for certain classes of polytopes, such as 0-1 polytopes,
one can compute copr exactly, given a good enough estimate of cop;.

3. The above scheme computes only (approximate) optimal value of (1) and not the
optimal point x*. One possible way to deal with this issue is to simply use the
feasibility oracle to find a point £ in P’ := PN {x € R" : (¢, x) < u} for the final
value of u. The polytope P’ is guaranteed to be nonempty and the point £ has value
at most ¢,p¢ + €. Again, in the proof of Theorem 4 we show how to round £ to an
exact optimal solution.

4. To make this into a polynomial time reduction one needs to make sure that the poly-
topes P’ constructed in step do not become difficult for the feasibility oracle. In
fact, the running time of the algorithm we provide for this task depends on the
volume of P’ and it becomes slower as the volume of P’ gets very small. Thus in
general, one has to carefully bound how complex the polytopes P’ become as we
progress with the algorithm.

Given this idea, it is enough (up to the technical details highlighted above) to construct
an algorithm for checking non-emptiness of polytopes.

2.2 Second step: checking feasibility using cutting planes

Suppose we are given a large convex set Ey containing the polytope P. To check whether
P is empty or not, we construct a descending sequence of convex subsets

EgyDEIDE D -

such that all of them contain P and their Volumdﬂ is significantly reducing in every step.
Eventually, the set E; “approximates” P so well that a point x € Ej is likely to be in P as
well. Formally, consider the following scheme.

3Formally, we use the Lebesgue measure to talk about volumes of sets. We denote by vol(K) the
n—dimensional Lebesgue measure of a set K C R".



Figure 1: An illustration of one iteration of the cutting plane method. One starts with a
set Ex guaranteed to contain the polytope P and queries a point x; € Eg. If x4 is not in P,
then the separation oracle for P provides a separating hyperplane (in red). Hence one can
reduce the region to which P belongs by picking a set E;, 1 containing the intersection of
Ej with the “red” hyperplane.

Cutting Plane Method
1. Let Eq be a convex set containing P
2. Fork:=0,1,2,... until vol(E;) < vol(P)

(a) Selecta point x; € Ej
(b) Query a separation oracle for P on x;

e if x; € P return x; and terminate the algorithm,

e clse, let i € Q" be the separating hyperplane output by the oracle
e construct a new set E 1 so that

Ek N {X : (x,hk> < <xk,hk>} - Ek+1.

3. return EMPTY (P = Q).

We refer to figure|(I{for an illustration of the above method.
The following theorem characterizes the performance of the above scheme



Figure 2: An illustration of the use of Euclidean balls in the cutting plane method. Note
that the smallest ball containing the intersection of E with the “red” halfplane is E itself.

Theorem 5 (Number of iterations of the cutting plane method). Suppose that the following
conditions on P and the nested sequence of sets Eg, E1, E, . . . are satisfied

1. (Bounding Ball) The initial set E is contained in an Euclidean ball of radius R > 0,
2. (Inner Ball) The polytope P contains an Euclidean ball of radius v > 0,
3. (Volume Drop) For every step k = 0,1, ..., we have
vol(Egy1) < avol(Ey),
where o < 1 is a quantity possibly depending on n.
Then, the Cutting Plane Method outputs a point £ € P after O (nloga~1log ®) iterations.

Proof. The algorithm maintains the invariant that P C Ej at every step k, hence it never
terminates with the verdict EMPTY, as vol(P) < vol(Ey) for every k.

It remains to upper bound the time until the volume of E; cannot be reduced anymore.
Note that from the Volume Drop condition, we have

vol(Ex) < vol(Eg)ak,

moreover, since P contains some ball B(x/,7) and Ej is contained in some ball B(x"”,r), we
have
vol(B(x, 7)) < vol(Ex) < vol(Eg)a* < vol(B(x",R))ak.



Thus .
vol(B(x/,7)) <4k

vol(B(x",R)) —

However, both B(x’,r) and B(x"”, R) are scalings (and translations) of the unit Euclidean
ball B(0,1) and hence

)

vol(B(x',7)) =" -vol(B(0,1)) and  vol(B(x”,R)) = R"-vol(B(0,1)).

By plugging the above in (2) we obtain

k < nloga'log §

O]

Note that if we could find an instantiation of the scheme (a way of choosing Ej and xj at
every step k) such that the corresponding parameter « is a constant less than 1, then the
above yields an algorithm for linear programming that performs a polynomial number
of iterations — indeed using the results of Exercise 1. in Problem Set 7 it follows that we
can always enclose P in a ball of radius roughly R = 2°(:) and find a ball inside of P of
radius r = 2-°("), Thus log ® = O(Ln).

The method developed in this lecture will not quite achieve a constant drop in volume
but rather a ~ 1 — 1, however this still implies a method for linear programming which
performs a polynomial number of iterations, and (as we will see later) each iteration is
just a simple matrix operation that can be implemented in polynomial time.

2.3 Possible choices for E; and x;

Before we give more details, let us discuss two possible, simple strategies of picking the
sets Ey (and the points x)

2.3.1 Approximation using Euclidean balls

One of the simplest ideas to implement the cutting plane method is to use Euclidean balls as
Ei’s. There is then a very natural choice of x; one can make at every step, being the center
of the current ball E,.

The problem with this method is that we cannot force the volume drop when Eu-
clidean balls are used. Indeed, consider a simple an example in R2. Let Ey = B(0,1) be
the starting ball and suppose that the separation oracle provides the separating hyper-
plane 1 = (1,0) ", meaning that

K:=PCEN{xcR*:x <0}

What is the “smallest” ball containing K as a subset? (See Figure 2| for an illustration.) It
turns out that this is again B(0, 1) and we cannot find a ball with smaller radius containing

10



K. This simply follows from the fact that the diameter of K is 2 (the distance between
(0,—1)" and (0,1) " is 2).

For this reason we need to look for a larger family of sets, which will allow us to
achieve a suitable volume drop in every step.

2.3.2 Approximation using polytopes

The second idea one can try is to simply use polytopes as E;’s. We start with Eg = [—R, R]"
— a polytope containing P and whenever a new hyperplane is obtained from the separa-
tion oracle, we update

Ek+1 = Ek N {x . (x,hk> < <xk, hk> .

This is certainly the most “aggressive” strategy one can imagine, as we always cut out as
much a possible from Ej to obtain Ej 1.

To complete the description of the scheme we also need to give a strategy of picking
a point x; € Ej at every iteration. For this, it is crucial that the point x; is “well in the
interior” of Ey, as otherwise we might end up cutting only a small piece out of E; and
thus not reduce the volume enough. Therefore, to make it work, at every step we need
to find an approximate “center” of the polytope Ej and use it as the query point x;. As
the polytope gets more and more complex, finding a center also becomes more and more
time consuming. In fact, we are reducing a problem of finding a point in P to a problem
of finding a point in another polytope, and thus this becomes a “cyclic process”.

We remark that, this scheme can be made work by maintaining a center of the polytope
and using a recentering step whenever a new constraint is added [12], this is based on the
idea that the new center will be close to the old one, when the polytope does not change
too drastically and hence can be found rather efficiently using for instance the Newton’s
method.

3 The Ellipsoid method

What we have concluded from the above discussions is that on the one hand using Eu-
clidean balls is too restrictive, since we cannot make eny progress in subsequent steps.
On the other hand, maintaining a polytope is problematic, since it is not easy to find a
suitable point x; € Ej to query, at every step k.

One can then use an idea somewhere in between these two. We maintain an ellipsoid:
a set which is more general then just a ball, it can approximate polytopes quite well and
its center can be found very easily. A formal definition of ellipsoids along with a piece of
notation follows.

Definition 6 (Ellipsoid). An ellipsoid in R" is any set of the form
E(xo, M) = {x ER": (x —x0) M (x —x) < 1},

such that xo € R" and M is an n X n, symmetric positive definite matrix.

11



It is clear that E(xp, M) is symmetric around its center xg. Suppose that Ex = E(xy, M)
and the separation oracle provides us with the information that the polytope P is con-
tained in {x € E; : (x,h) < (xi, hx)}. Then a natural strategy is to take Ej 1 so as to
contain this set and have the smallest volume among all such. More formally, we define

Definition 7 (Minimum Enclosing Ellipsoid). Given an ellipsoid E(xo, M) C R" and a half-
space H := {x € R" : (x,h) < (xo,h)} through its center, for some h € R" \ {0} we define
the minimum enclosing ellipsoid of E(xo, M) N H to be the ellipsoid E(x*, M*) being the optimal
solution to

i 1(E(x, M’
vl o VOUE(x M)
st. E(xo, M)NH C E(x,M').

One can show that such a minimum enclosing ellipsoid always exists and is unique, as
the above can be formulated as a convex program.

3.1 The Algorithm

The ellipsoid algorithm is a simple adaptation of the cutting plane method where we just
use ellipsoids as the sets E;. Moreover, for every step k we take the minimum enclosing
ellipsoid as Ei, 1. Let us state it formally now. Again, we assume that P C R" is a full-
dimensional polytope and a separation oracle is available for P

Ellipsoid Method
1. Let Eg = E(0, M) be a ball containing containing P
2. Fork:=0,1,2,... until vol(E;) < vol(P)

(a) Let x; be the center of Ej
(b) Query a separation oracle for P on x;
e if x; € P return x; and terminate the algorithm,
o else, let i € Q" be the separating hyperplane output by the oracle

e let Ex 1 = E(xty1, Mg11) be the minimum volume ellipsoid such
that
ErN {x : (x,hk) < <xk,hk>} - Ek+1.

3. return EMPTY (P = Q).

The above algorithm was first developed for linear programs in explicit form by [6] and
was further generalized to the case of implicitly defined polytopes (via separation oracles)
by [5], [8] and [4].

12



Note that in this form the algorithm is not yet complete, as we have not provided a
way to compute minimum enclosing ellipsoids (as is required in step (2b))). We discuss
this question in Section[d]

3.2 Analysis of the algorithm

We are now ready to state a theorem on the computation efficiency of the ellipsoid method.
The main part of the proof is provided in Section[d]

Theorem 8 (Efficiency of the ellipsoid method). Suppose that P C R" is a full-dimensional
polytope that is contained in an n-dimensional Euclidean ball of radius R > 0 and contains an
n-dimensional Euclidean ball of radius r > 0. Then, the Ellipsoid Method outputs a point £ € P
after O (n®log R) iterations.

Moreover, every iteration can be implemented in O(n? + Tso) time, where Tso is the time
required to answer one query by the separation oracle.

Given what has been already proved in Theorem [5| we are missing the following two
components (stated in a form of a lemma) to deduce Theorem

Lemma 9 (Informal; see Lemma(10). Consider the ellipsoid algorithm defined above
1. The volume of the ellipsoids Eo, E1, Es, . .. constructed in the algorithm drops at a rate & ~
(1= 2),
2. Every iteration of the ellipsoid algorithm can be implemented efficiently (in polynomial time).

Given the above lemma (established formally in Lemma we are ready to deduce The-
orem|[§

Proof of Theorem[8] By combining Theorem 5| with Lemma [)] we obtain the bound on the

number of iterations:
O <n loga™!-log 1:) =0 <n2 log1:> .

Moreover, according to Lemma [J] every iteration can be performed efficiently, hence the
second part of Theorem [8|also follows. O

4 Analysis of Volume Drop and Efficiency for Ellipsoids

In this section we show that given an ellipsoid E(xg, M) and a vector i € R" we can
efficiently construct a new ellipsoid E(x{, M) that has significantly smaller volume and

E(xo, M) N{x € R": (x,h) < (xt,h)} C E(xj, M).

While we do not show it here, the construction demonstrated in this section yields the
minimum volume ellipsoid containing the intersection of E(x, M) and the halfspace above.
Nevertheless the lemma below is enough to complete the description and analysis of the
ellipsoid method.

13



Lemma 10 (Volume Drop). Let E(xo, M) C R" be any ellipsoid in R" and let h € R" be a
non-zero vector. There exists an ellipsoid E(x{, M') C R" such that

E(xo, M) N{x € R": (x,h) < (xy,h)} C E(xj, M)

and vol(E(xj, M')) < ¢ T vol(E(xog, M)). Moreover x{, and M’ can be given explicitly as
follows

1
X6 = X9 — mMg, (3)
2
' n 2 T
= — 4
M=y <M w1 Ms) Mg)’ @
where g := (h" Mh) 2,

The above lemma states in particular that using Ellipsoids we can implement the cutting

S

plane method with volume drop & = ¢ 20D ~ (1 — m) <1
The proof of Lemma [10] is divided into two phases. In the first phase we prove
Lemma (10| for a very simple and symmetric case. In the second phase, we reduce the
general case to the symmetric instance studied in the first phase using an affine transfor-

mation of R".
4.1 Volumes and ellipsoids under affine transformations

In this section we review basic facts about affine transformation and ellipsoids. We start
by proving how the volume of a set changes when an affine transformation is applied to
it.

Fact 1 (Change of volume under affine map). Consider an affine map ¢(x) = Tx + b, where
T : R" — R" is an invertible linear map and b € RR" is any vector. Let K C IR" be a Lebesgue
measurable set. Then

vol(¢(K)) = |det(T)| - vol(K).

Proof. This is a simple consequence of integrating by substitution. We have

vol(¢p(K)) = /¢ )

where A, is the n-dimensional Lebesgue measure. We apply the change of variables x :=
¢(y) and obtain

/ A (x) = / | det(T)| dAn(y) = |det(T)| - vol(K),
¢(K) K
because T is the Jacobian of the mapping ¢. O

14



The next fact talks about the effect of applying an affine transformation on an ellipsoid.

Fact 2 (Affine transformations of ellipsoids). Consider an affine map ¢p(x) = Tx + b, where
T : R" — R" is an invertible linear map and b € R" is any vector. Let E(xo, M) be any ellipsoid
in R", then

¢(E(x0,M)) = E(Txg +b, TMT").

Proof.

$(E(x0, M)) = {¢(x) : (x0 —x) "M (x0 — x) <1}
={y:(xo—¢7' () M (-9~ (y) <1}
={y:(xo—T ' (y=0) M (x0—-T ' (y—b)) <1}
={y:T ' (Txo— (y—b)) ' M 'T (Txo - (y — b)) <1}
={y: (Txo— (y—0)) (T TM'T(Txo — (y — b)) <1}
= E(Txo +b, TMT").

O]

From the two previous facts one can easily derive the following corollary regarding the
volume of an ellipsoid.

Corollary 11 (Volume of an ellipsoid). Let xo € R" and M € R"*" be a PD matrix. Then
vol(E(xo, M)) = det(M)Y2. v,
where V,, denotes the volume of the unit Euclidean ball in R".

Proof. We first observe that
E(xo, M) = ¢(E(0, 1)), ®)
where ¢(x) = M'/?x + xg. This follows from Fact Fact gives now that

vol(E(xo, M)) = det(M)Y%vol(E(0,1)) = det(M)'/?. V,.

4.2 The Symmetric case

In the symmetric case we assume that the ellipsoid is the unit ball E(0, I) and we intersect
it with the halfspace H = {x € R” : x; > 0}. Then one can obtain an ellipsoid of a
relatively small volume that contains E(0, I) N H via an explicit formula, as in the lemma
below.

15
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Figure 3: Illustration of the symmetric case of the argument. Ej is the unit Euclidean
ball in R? and E; is the ellipse of smallest area that contains the “right half” (depicted in

yellow) of Egy. The area of E; is 47\@ <1

Lemma 12 (Volume drop for the symmetric case). Consider the Euclidean ball E(0,I). Then
the ellipsoid E' C R" given by

2 2 2 n
;o n (n+1 1 n-—1 2
E.—{xelR < - ) (xl_n—i—l) +— ];xjg1

has volume vol(E') < ¢~ 70 -vol(E(0, I)) and satisfies

{x€ E(0,I):x; >0} CE.

Proof. We start by showing that {x € E(0,I) : x; > 0} C E’. To this end, take any point
x € E(0,I) with x; > 0, the goal is to show that x € E’. We first reduce the problem to a
univariate question using the following observation

n
Zx]z <1-— x%.
=2

It follows from the fact that x belongs to the unit ball. Thus, to conclude that x € E’ we
just need to show that

2 2 2 n
L R e

=2

Note that the left hand side of (6) is a convex quadratic function in one variable. We would
like to show that it is bounded by 1 for every x; € [0,1]. To this end, it suffices to verify

16



it for both end-points x; = 0, 1. By directly plugging in x; = 0 and x; = 1 we obtain that
the left-hand side of () equals 1 and thus the inequality is satisfied.
We now proceed to bounding the volume of E’. To this end, note that E' = E(z,S)

with
-
zZ .= (1,0,0,...,0> ,
n+1

2 2 2
. n n n
S.—Dlag<<n+1) 'nz—l"”'nz—l)'

Where Diag (x) is a diagonal matrix with diagonal entries as in the vector x. To compute
the volume of E' we can simply apply Corollary[11]

vol(E") = det(S)'/2 - vol(E(0, I)).

We have

2 2\ n-1 2 n—1
n n 1 1
da@>:<n+l>'<ﬂ—ﬂ> :(1_n+1) Q*w@_l) -

Using the inequality 1 + x < e*, valid for every x € R we arrive at the upper bound

1 1 1

det(S) < (e’m)z- (en2—1>n71 — ¢ i,

Finally, we obtain

vol(E') = det(5)"2 - vol(E(0,1)) < e~ 1 -vol(E(0, I)).

4.3 General case

We are now ready to prove Lemma [10|in full generality, by reducing it to the symmetric
case, see Figure[d}

Proof of Lemma[10} We note first that the Ellipsoid E' = E(z, S) defined for the symmetric
case (Lemmal(12) is given by

1
n+1

n? 2 T
S_#—lc_n+fm>'
thus indeed, this gives a proof of Lemma(l0in the case when E(xo, M) is the unit ball and

h= —eq.
The idea is now to find an affine transformation ¢ so that

€1,
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Figure 4: The general case of the argument follows by using an affine transformation ¢ to
map the symmetric case to the general one. The unit ball E(0,I) is mapped by ¢ to the
ellipsoid E(x9, M) so that the yellow region {x € E(0,I) : x; > 0} on the left hand side is
also mapped to the yellow region {x € E(xo, M) : (x,h) < (xo,h)} on the right hand side.

1. E(xo, M) = ¢(E(0, 1)),
2. {x:(x,h) < (xo,h)} =¢({x:x1>0}).

We refer to Figure {4 for an illustration of this idea. We claim that when these conditions
hold, the ellipsoid E(x{, M') := ¢(E') satisfies the conclusion of Lemma |10} Indeed, using
Fact[lland Lemma [I2lwe have
vol(E(xy, M'))  vol(¢(E(x(, M'))) vol(E’) 1
— — < o 2wt
vol(E(xo,M))  vol(¢(E(xo,M)))  vol(E(0,I)) —
Moreover, by applying ¢ to the inclusion

{xeE:x; >0} CF

we obtain
{x € E(xo, M) : (x,h) < (xo,h)} C E(x(, M').
It remains now to derive a formula for ¢ so that we can obtain an explicit expression for
E(xy, M'). We claim that the following affine transformation ¢ satisfies the above stated
properties
¢(x) = xo + MY 2Ux,
where U is any orthonormal matrix (i.e., U satisfies UU" = U"U = I) such that Ue; = v
— __MYh
where v = 7] We have

¢(E(0,1)) = E(xo, MM2UTUMY?) = E(x9, M).
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which proves the first condition, further,

¢({x:x1 > 0}) = {p(x) : 11 > 0}
= {o(x): ( e1, X ><0}

={y: (~e97'(v)) <0}

= {y: (—er, UTM™V2(y —x0) ) < 0}
={y: < M~2Uey, y—x0><0}
={y: (hy —x0) <0}

and hence the second condition follows.
It remains to derive a formula for E(x{, M’). By Fact[2J] we obtain

E(xh, M) = ¢(E(2,S)) = E(xo + M"Y?Uz, MV2USUT M'/?).

Thus 1 1 Mh
_ L a2 LM
= %o+ o M He = X0 = S g
and
n2 2
M =M2UT - (1= ——ere] | UM/
-1 n+1
n’ 2 1/2 1/2 T
_712_1<I—+1<M Uer) (M"/2Uer) )
_m (2 (Mh (Mh)"
Con2-1 n+1 h'Mh
By plugging in g := W the lemma follows. ]

4.4 Discussion on bit precision issues

In all the above discussion we have assumed that the ellipsoids Ey, Ej, . . . can be computed
exactly and no error is introduced at any step. In reality, this is not the case, as computing
Ej+1 from Ey involves taking a square root, an operation that cannot be performed exactly.
Moreover, one needs to be careful about the bit complexities of the intermediate compu-
tations, as there is no simple reason for why would they stay polynomially bounded over
the course of the algorithm.

To counter this issue one can first establish an appropriate bound on the precision
required for of all the numbers which show up in the computation and then perform a
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suitable rounding after every step. This has the effect of choosing a slightly larger ellipsoid
in every step, yet still guarantees a significant drop in the volume, sufficient to converge
in a polynomial number of iterations. For details, we refer to [10].

5 Linear Optimization over 0-1 Polytopes Using Separation Ora-
cles

In this section we give a proof of Theorem [ in the case when the polytope P is full-
dimensional (at the end of this section we discuss how to get rid of this assumption). For
this we use the binary search technique to reduce the optimization problem to feasibility
and use the ellipsoid algorithm to solve the feasibility question in every step. A more
precise sketch of the algorithm follows

Optimization for 0 — 1 polytopes.

Input: A separation oracle to a full-dimensional 0 — 1 polytope P C [0,1]" and a
vector c € Z"
Output: An optimal solution x* to min,cp clx.

1. Perturb the cost function c to guarantee uniqueness of the optimal solution.
2. Letl = — |||}y and u = |[c||; +1

3. whileu —1 >1

(a) Letg:= [4*]
(b) Apply ellipsoid alg. to check if P’ := PN {x € R": {¢,x) < g+ 1} is

nonempty
o If P #Q, thenu:=g
e Else, [ :=g

4. Apply the ellipsoid algorithm to find a point
o 1
xEPﬂ{xeR”:(C,x>§l+4}

5. Round every coordinate of £ to the nearest integer and output it.

Note that in contrast to the scheme presented in Section the binary search runs over
integers. We can do that, since the cost function is integral and the optimum is guaranteed
to be a vertex and thus the optimum value is also integral. Note that if c,p; € Z is the
optimal value then the polytope P’ = PN {x : (x,c) < copt} is lower-dimensional and
hence has volume zero. For this reason, in the above we introduce a small slack and
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always ask for objective at most g +  instead of at most g, for g € Z. This guarantees that
P’ is always full-dimensional and we can provide a lower bound on its volume (necessary
for the ellipsoid algorithm to run in polynomial time).

5.1 Guaranteeing uniqueness of the optimal solution

In step [1] of the algorithm we want to make sure that there is only one optimal solution.
This is done to be able to round a close-to-optimal solution to a vertex easily. To guarantee
that one can make a slight perturbation to the weights, which guarantees that if there are
many optimal solutions, then our algorithm will find the least lexicographically optimal
vertex.

To this end one can simply define a new cost function ¢’ € Z" such that

chi=2"¢; + 2171,

The total contribution of the perturbation for any vertex solution is less than 2" and hence
it does not create any new optimal vertex. Moreover, it is now easy to see that every vertex
has a different cost, and thus the optimal cost is unique.

Finally note that by doing this perturbation, the bit complexity of ¢ grows only by
roughly n.

5.2 Lower-bounding the volume of polytopes

Here we prove formally that the volume of the polytopes P’ queried in the algorithm is
never too small, for the ellipsoid method to work in polynomial time.

Lemma 13. Suppose that P C [0,1]" is a full-dimensional 0-1 polytope and ¢ € Z" is any cost
vector and C € Z is any integer. Consider the following polytope

P/:{xEP:(c,x>§C+i},

(m,L)

then either P’ is empty or P’ contains a Euclidean ball of radius at least 27PN (VL) where L is the

bit complexity of c.

Proof. Assume without loss of generality that 0 € P and that 0 is the unique optimal
solution. It is then enough to consider C = 0, as for C < 0 the polytope P’ is empty and
for C > 0itis larger than for C = 0.

We start by noting that P contains a ball B of radius 27P°Y("). To see this, we first
pick n + 1 affinely independent vertices of P and show that the simplex spanned by them
contains a ball of such a radius (this follows from the results of Exercise 1 in Problem Set
7).

Next, we show that by scaling this ball down, roughly 2L times, with respect to the
origin, it will be contained in P’ := {x € P: (c,x) < 1}. To see this, note that for every
point x € P we have

(x,c) < max|c;| <2k
1
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Thus we have, for every x € P:

() <2i=}

in particular 2-L=3B C P/, but

vol (Z—L—SB) _ 2—n(L+3)V01(B) — 2—n(L+3)—poly(n) — 2—poly(n,L).

5.3 Rounding

Lemma 14. Suppose that P C [0,1]" is a full-dimensional 0-1 polytope and ¢ € Z" is any cost
vector such that there is a unique point x* in P which minimizes x — (c, x) over x € P. Then, if
x € P satisfies

c'x<c'x*+e

fore < % then by rounding every coordinate of x to the nearest integer we obtain x*.

Proof. Let us write x as x := ax* + (1 — «)z for some « € [0,1] and z € P being a convex
combination of non-optimal vertices. We have

Ty +e>clx
(ocx +(1- a)z)
= ac'x* —|—( —a)c’
> ac’x* + (1—a)(c"x" +1)

> ch*+(1—(x)

Thus 1 — a < e. For this reason, for every coordinatei = 1,2,...,n we have
N 1
|xi — 7| = (1 —a)|x} zz|<1—(x<e<§

It follows that rounding x yields x*. ]

5.4 The proof

We are now ready to summarize the discussion from above and prove Theorem 4|

Proof of Theorem 4, We show that the algorithm presented in the beginning of this section
is correct and runs in polynomial time.

The correctness is a straightforward consequence of the definition of the algorithm.
The only step which requires justification is why does the rounding produce the optimal
solution x*. This follows from Lemma [14l
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The bound the running time of the algorithm observe that it performs O(log ||c||,) =
O(L) iterations and in every iteration it applies the ellipsoid algorithm to check the non-
emptiness of P’. Using Theorem|[§/and the lower-bound on the size of a ball that can be fit
in P’ provided in Lemma [13|we conclude that the running time of one such application is
poly(n,L). O

5.5 The full-dimensionality assumption

For the proof of Theorem[]in this section we have crucially used the fact that the polytope
P is full dimensional. Indeed, we have used it to give lower bound on the volume of P
and its restrictions. When P is lower-dimensional, no such bounds hold and the analysis
needs to be adjusted.

In principle there are two ways to deal with this issue. The first idea assumes that
one is given an affine subspace F = {x € R" : Ax = b} such that the polytope P is
full-dimensional relative to F. In such a case one can simply apply the ellipsoid method
restricted to F and obtain the same running time bound as in the full-dimensional case.

In the case when the description of a subspace on which P is full-dimensional is not
available, the situation becomes more complicated, but still possible to deal with. The
idea is to apply ellipsoid method to the low-dimensional polytope P in order to first find
the subspace F. To this end, after enough iterations of the ellipsoid method, the ellipsoid
becomes “flat” and one can read off the directions along which this happens (the ones
corresponding to tiny eigenvalues). Then one can use the idea of simultaneous Diophan-
tine approximations to round these vectors to a low bit complexity representation of the
subspace F. The details of how is it exactly done are somewhat non-trivial but also rather
tedious — we refer the reader to [4].
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